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We extend the semi-classical trajectory description for the high-order harmonic generation (HHG)
from solids by integrating the effect of electron-scattering. Comparing the extended semi-classical
trajectory model with a one-dimensional quantum mechanical simulation, we find that the multi-
plateau feature of the HHG spectrum is formed by Umklapp scattering under the electron-hole
acceleration dynamics by laser fields. Furthermore, by tracing the scattered trajectories in real-space,
the model fairly describes the emitted photon energy and the emission timing of the HHG even in
the higher plateau regions. We further consider the loss of trajectories by scattering processes with a
mean-free-path approximation and evaluate the HHG cutoff energy as a function of laser wavelength.
As a result, we find that the trajectory loss by scattering causes the wavelength independence of
the HHG from solids.
I. INTRODUCTION
Light-matter interactions have been an important sub-
ject in physics from both fundamental and technological
points of view [1–4]. Intense light may couple with mat-
ter nonlinearly and can induce nonlinear optical effects
[5–9], such as the second order harmonic generation [10].
Once field strength of light becomes extremely large, non-
perturbative and highly-nonlinear phenomena may be in-
duced. A primary example of such phenomena is the
high-order harmonic generation (HHG) [11–13], which
is an extreme photon-upconversion process via strongly-
nonlinear light-matter interactions. This process has
been observed from atomic gases decades ago [14, 15],
and the gas-phase HHG further opened a novel technol-
ogy to generate ultrashort laser pulses with attosecond
duration, offering a novel avenue to explore ultrafast real-
time electron dynamics in matter [16–21]. Recently, the
HHG from solid-state materials has been systematically
observed [22]. It has been demonstrated that the solid-
state HHG shows distinct fundamental features from the
gas-phase HHG, such as the linear scaling of the cut-
off energy with respect to the field strength [22–24], the
wavelength independence of the cutoff energy [22, 24, 25],
and the enhancement of HHG by elliptically-polarized
light [26, 27]. It has also been shown that the competi-
tion of mechanisms between atomic-like and solid-like re-
sponses in two-dimensional systems further enriches the
HHG spectra [28–30]. These distinct features of the solid-
state HHG have been drawing great attention because it
offers a novel possibility to investigate ultrafast electron
dynamics in matter and may open a path to novel light
sources [31].
The mechanism of the HHG from gases has been un-
derstood by the semi-classical trajectory model; so-called
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three-step model [32–34]. The model consists of the fol-
lowing three steps: (i) An electron is ionized from an
atom or molecule due to a strong laser field. (ii) The ion-
ized electron is accelerated by the laser field in vacuum.
(iii) The accelerated high-energy electron returns to the
parent ion due to the oscillatory field and recombines,
emitting high energy photons. The three-step model de-
scribes well the features of the gas-phase HHG such as
the cutoff energy. The semi-classical trajectory model
has been further extended to the solid-state HHG [35],
integrating the electronic band dispersion of solids as the
crystal-momentum-dependent effective mass of electron-
hole pairs. In this regard, the extended semi-classical
trajectory model still treats the dynamics of electron-
hole pairs as that of free particles. However, in contrast
to ionized electrons in vacuum, electrons in solids may
be easily scattered by ions, other electrons, defects and
so on. Therefore, electron scattering is expected to play
an important role for the HHG from solids.
Despite the great effort to study the mechanism of
the HHG from solids, the role of the electron scat-
tering has not been investigated yet in the context of
the semi-classical trajectory description. In this pa-
per we consider an extension of the real-space semi-
classical trajectory model by incorporating scattering ef-
fects in solids. The generalization is carried out by
branching a classical trajectory into multiple trajecto-
ries whenever a scattering event occurs. We compare
the scattering-integrated semi-classical trajectory model
with one-dimensional quantum dynamical simulations,
and explore a role of Umklapp scattering in the HHG
from solids. Furthermore, we extend our modeling with
the mean-free-path approximation and elucidate the ef-
fect of the scattering to the wavelength scaling of the
HHG cutoff.
This paper is organized as follows: In Sec. II we first
revisit the semi-classical trajectory model for HHG from
solids. Then, we extend the model by incorporating the
scattering effect. In Sec. III we examine the role of the
scattering in the HHG with the model, comparing with
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2the one-dimensional quantum model. Finally our find-
ings are summarized in Sec. IV. In this work, atomic
units are used unless stated otherwise.
II. METHODS
A. Semi-classical trajectory model for solid-state
HHG
Here, we first revisit a semi-classical trajectory model
for the solid-state HHG [35] to further introduce the scat-
tering effect into it. The semi-classical trajectory model,
or the so-called three-step model, has been originally pro-
posed to describe the HHG from noble gases [32–34].
The model properly describes key features of the HHG
spectrum such as the cutoff energy. Recently, the semi-
classical trajectory model was extended to the solid-state
HHG [35]. In the solid-state semi-classical trajectory
model, the HHG is described by the following three steps:
1. Creation of an electron-hole pair by exciting an
electron from a valence band to a conduction band
at the optical gap of the solid.
2. Acceleration of the electron-hole pair by an external
laser field.
3. Emission of a high-energy photon by the recombi-
nation of the accelerated electron-hole pair.
The major difference of the solid-state semi-classical
trajectory model from the corresponding gas-phase
model is the treatment of the acceleration of particles
in the second step: since ionized electrons travel in vac-
uum in the gas-phase model, they can be treated as free
charged-particles, which have a parabolic energy disper-
sion, (k) = ~2k2/2me with the wavenumber k. In con-
trast, the dynamics of electron-hole pairs in solids is not
generally described by the simple parabolic energy dis-
persion but requires more complex anharmonic disper-
sion reflecting the solid-state electronic band structure.
Thus, the solid-state semi-classical trajectory model can
be seen as a generalization of the gas-phase model by
changing the electron mass me to the effective electron-
hole mass,
µij =
[
∂2
∂ki∂kj
(ck − vk)
]−1
, (1)
where bk is the band dispersion of valence (b = v) and
conduction (b = c) bands.
Based on the semi-classical trajectory model, the rela-
tive position x(t) of an electron-hole pair created at the
time t0 can be described as [35]:
x(t) =
∫ t
t0
dt′v(K(t′)), (2)
where K(t) = k + A(t) is the shifted wavevector due
to the applied vector potential A(t) by the acceleration
theorem. The relative electron-hole velocity v(k) is de-
termined by the electron-hole energy dispersion as
v(k) = vc(k)− vv(k) = ∂
∂k
[ck − vk] . (3)
In the semi-classical trajectory model, an electron-hole
pair is assumed to be created at the band gap with zero
distance x(t0) = 0. Then, the trajectory x(t) is evolved
with Eq. (2). In the final step, the electron-hole pair
is recombined at time tr and emits a photon when the
electron and hole come back to the same position x(tr) =
0. The emitted photon energy corresponds to the energy
of the recombined electron-hole pair, cK(tr) − vK(tr).
B. Electron scattering effect in the semi-classical
trajectory model
In the above semi-classical model, dynamics of ion-
ized electrons or created electron-hole pairs is treated as
independent free particles. This treatment is accurate
enough to describe the HHG from dilute gases. However,
in solids, electrons and holes can be scattered by phonons,
other electrons and holes, impurities and many other pro-
cesses. Therefore, the free-particle treatment without
scattering processes is not complete to describe the solid-
state HHG. The importance of such scattering processes
could also be seen in the recently observed multi-plateau
feature in HHG spectra. Unlike many HHG spectra
from semiconductors featuring single plateau, the exper-
iments using noble-gas solids [36] demonstrate the mul-
tiple plateaus feature in the HHG specta. Furthermore,
it has been demonstrated that such multi-plateau feature
can be theoretically described by ladder-climbing process
[37], which is conceptually based on Umklapp scattering.
Thus, the multi-plateau feature could be seen as the con-
sequence of the scattering effect. However, in the pre-
vious study proposing the ladder-climbing process, only
the k-space (crystal momentum space) semi-classical tra-
jectories have been considered, and it was assumed that
electron-hole pairs can recombine at any instance of time.
As a result, an electron and a hole are allowed to re-
combine and emit a photon no matter how far they are
separated in real space. In this work, we integrate Umk-
lapp scattering effect into the semi-classical trajectory
model using both real- and k-space trajectories. This al-
lows us to obtain the information of recombination time
for electron-hole pairs and thereby refine the solid-state
semi-classical trajectory model.
The incorporation of Umklapp scattering effect with
the semi-classical trajectory model is carried out as fol-
lows:
1. Creating an electron-hole pair at the time t0 by
exciting an electron from a valence band to a con-
duction band at the Bloch wavevector, k0 that cor-
responds to the optical gap of the solid.
32. Propagating the trajectory in real-space, x(t) with
Eq. (2) and the trajectory in k-space, k0 +A(t)−
A(t0), with the acceleration theorem.
3. Branching a trajectory into scattered and non-
scattered trajectories when the trajectory reaches
the Brillouin zone edge. Here, Umklapp scattering
is described as the sudden shift of the accelerated
Bloch vector K(t)→K(t)±nb with the reciprocal
lattice vector, b and an integer n. The details of
the scattering is depicted in Fig. 1. After the scat-
tering, the branched trajectories are propagated in
the same way described in the step 2.
4. Recombining the electron-hole pair at time tr when
x(tr) = 0, and emitting a photon whose energy
corresponds to the energy difference of the electron-
hole pair, c,K(tr) − v,K(tr).
Figure 1 shows a schematic picture of the branching
procedure discussed above. The red-solid line shows an
unfolded conduction band while the blue-solid line shows
a valence band. The replicated conduction bands shifted
with the reciprocal lattice vector are described as the red-
dashed lines. In Fig. 1, the arrow, 1○, describes the exci-
tation of an electron from the top of the valence band to
the bottom of the conduction band. The arrow, 2○, indi-
cates the acceleration of the electron from the conduction
bottom to the Brillouin zone edge. At the Brillouin zone
edge, the conduction bands have a crossing, or they may
have an avoid-crossing. After the crossing at the Brillouin
zone edge, the electron trajectory may diabatically follow
the red-solid line as depicted with the arrow, 3○, or may
be switched to the red-dashed line as 4○. Since the red-
dashed lines are nothing but the replicated bands with
the crystal momentum shift by the reciprocal lattice vec-
tor, the switching of the bands is nothing but Umklapp
scattering at the Brillouin zone edge. In general, where
bands are crossing, the inter-band transition may occur
due to scattering processes. In this work, such scattering
effect is incorporated with switching of the trajectory on
energy bands.
III. RESULTS
In this section, we first examine the difference be-
tween the simple parabolic band dispersion and the non-
parabolic solid-state band dispersion in the context of
the semi-classical trajectory analysis. For this purpose,
we employ the Kane band model [38]. Then, we elu-
cidate the role of Umklapp scattering in the HHG by
comparing the semi-classical trajectory model with the
one-dimensional quantum electron dynamics simulation.
Finally, we further explore the effect of more general scat-
tering with the mean-free path approximation.
FIG. 1. Schematic picture of semi-classical trajectory dy-
namics and Umklapp scattering. The blue-solid line describes
a valence band while the red-solid line describes an unfolded
conduction band. The replicated unfolded-bands with the re-
ciprocal lattice vector are indicated as the red-dashed lines.
A. Solid-state trajectory model without scattering
To study the solid-state HHG with the semi-classical
model, we first examine the semi-classical trajectory
analysis with the Kane band model [38] without the scat-
tering contribution. The Kane band model is widely used
to model the solid-state electronic band structures. For
example, the seminal work for field-induced ionization
by Keldysh [39], which finds applications in many fields
[40–42], is based on the Kane band.
Here, we briefly assess the difference between the
parabolic band dispersion and the solid-state Kane band
dispersion in the semi-classical trajectory model of HHG.
The parabolic energy dispersion is described as
parabolic(k) = g +
|k|2
2µ
, (4)
where g is the band gap, and µ is the electron-hole re-
duced mass. With the same parameters, the Kane band
can be described as
Kane(k) = g
√
1 +
|k|2
µg
. (5)
According to previous works [34, 35] based on the
semi-classical trajectory model, one can evaluate the cut-
off energy of HHG as the maximum recombination en-
ergy among all possible trajectories under monochro-
matic laser fields. Figure 2 shows the cutoff energy Uc of
the semi-classical trajectory model as a function of the
square root of the ponderomotive energy
√
Up, which is
defined as Up = F
2
0 /4µω
2
0 with the laser field strength
F0, the effective mass µ and the laser angular frequency
ω0. The red-solid line shows the result of the Kane band
4model, while the green-dashed line shows that of the
parabolic band model. For the parabolic dispersion case,
the cutoff energy Uc is described by the well-known for-
mula as [34]
U (parabolic)c = g + 3.17Up. (6)
As seen from Fig. 2, in the weak field region (small
Up region), the two models give the similar cutoff en-
ergy. This observation can be understood by a fact that
the Kane band model is reduced to the parabolic band
model in the small wavenumber limit as Kane(k) →
g+|k|2/2µ, (|k| → 0). As seen from Fig. 2, the two mod-
els show qualitatively different behaviors in the strong
field region: the cutoff energy of the Kane band model is
proportional to the field strength, F0 ∼
√
Up, while that
of the parabolic band model is proportional to the square
of the field strength. The quadratic field-strength de-
pendence of the parabolic band model is consistent with
the cutoff energy of the gas-phase HHG while the linear
field-strength dependence is consistent with the reported
feature of the solid-state HHG [22–24].
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FIG. 2. Cutoff energy of the HHG Uc as a function of applied
laser field strength F0, which is proportional to the square root
of the ponderomotive energy Up. The red-solid line shows the
result of the Kane band model while the green-dashed line
shows that of the parabolic band model. The blue-dotted
line indicates the analytic line, Uc/g = 3(Up/g)
1/2.
In Fig. 2, the blue-dotted line shows the analytic line,
Uc/g = 3(Up/g)
1/2. One sees that the analytic blue-
dotted line shows nice agreement with the result of the
Kane band model (red-solid line). Therefore, in the
strong field limit, the cutoff energy of the Kane band
model is well approximated as
UKanec ≈ 3g
√
Up/g =
3
2
v∞g
F0
ω0
, (7)
where v∞g is the group electron-hole velocity of the Kane
band model in the large |k| limit,
v∞g = lim|k|→∞
∣∣∣∣ ∂∂k Kane(k)
∣∣∣∣ = √gµ . (8)
In contrast, the k-space semi-classical trajectory model
[37] provides the following cutoff formula in the strong
field limit
Uk−spacec = Kane
(
2F0
ω0
)
≈ 2
√
g
µ
F0
ω0
= 2v∞g
F0
ω0
. (9)
Note that the same cutoff expression has been derived
for the analysis on graphene [43] with a similar consid-
eration to the k-space trajectory. Comparing Eq. (7)
and Eq. (9), the real-space trajectory model provides the
smaller cutoff energy than the k-space trajectory model
by a factor of 3/4. In the k-space trajectory model, the
recombination is allowed at any instance of time. On
the other hand, in the real-space trajectory model, the
recombination is allowed only when paired electron and
hole come to the same position. Therefore, the recom-
bination events in the real-space trajectory model is a
subset of those in the k-space model. Hence the cutoff
energy of the real-space model is smaller than that of the
k-space model by construction.
B. Umklapp scattering contribution to the HHG
Here, we investigate the role of Umklapp scattering in
the semi-classical trajectory model. For this purpose, we
compare the semi-classical trajectory model with the one-
dimensional quantum mechanical (1D-QM) simulation.
We employ the same model for the 1D-QM simulation as
the previous work [37]. We first briefly explain the 1D-
QM simulation, and then introduce the corresponding
semi-classical trajectory model with Umklapp scattering.
The 1D-QM system is described by the following
single-particle Schro¨dinger equation
i
∂ub,k(x, t)
∂t
=
[
1
2
{
−i ∂
∂x
+ k +A(t)
}2
+ v(x)
]
ub,k(x, t),
(10)
where ub,k(x, t) are periodic part of the Bloch orbitals
with the band index b and the Bloch wavenumber k.
Here, A(t) is the spatially-uniform time-dependent vector
potential and v(x) is the single-particle potential. For the
single-particle potential v(x), we employ the Mathieu-
type lattice potential
V (x) = V0 cos
(
2pi
L
x
)
, (11)
where the potential height V0 is set to 0.37 a.u. and the
lattice constant L is set to 8 a.u.
In this work, the system is discretized by grid points
for both real and crystal momentum spaces. The real-
space unit-cell is discretized with 30 equally spaced grid
points, and the first Brillouin zone is discretized with 352
uniformly spaced grid points. For the time propagation
of the time-dependent Schro¨digner equation we employ
5the Taylor expansion scheme [44] with the single time
step ∆t set to 1 attosecond.
Figure 3 (a) shows the computed band structure of
the 1D-QM model. The bottom two bands are treated
as valence bands, and all the other bands are treated
as the conduction bands. For the comparison with the
semi-classical trajectory model, we fit the band struc-
ture of the 1D-QM model by the Kane band model. Fig-
ure 3 (b) shows the Kane band Kane(k) and the particle-
hole energy band structure of the 1D-QM model. The
particle-hole energy bands are defined by the difference
between the conduction bands and the top valence band
as c,k − v,k, and they are unfolded in Fig. 3 (b). Here,
the effective mass µ of the Kane band model is set to
0.083me, and the band gap g is set to 4.18 eV. These
values are extracted from the 1D-QM model.
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FIG. 3. (a) Electronic band structure of the one-dimensional
quantum systems described by the Matthieu-type lattice po-
tential, Eq. (11). The valence bands are shown as the blue
lines while the conduction bands are shown as the red lines.
(b) Comparison of the Kane band (blue-dotted) and the
electron-hole band (red-solid), which is defined as the energy
difference between the conduction bands and the top valence
band, c,k − v,k.
We evaluate the HHG spectrum of the 1D-QM
model by exactly solving numerically the time-dependent
Schro¨dinger equation, Eq. (10), using the following form
for the applied vector potential:
A(t) =
F0
ω0
sin4
(pi
τ
t
)
sin(ω0t) (12)
in the duration 0 < t < τ and zero outside. Here, τ is
the full duration of the pulse. In this work, we set the
mean photon energy ~ω0 to 387 meV (with corresponding
wavelength 3200 nm), and the full duration of the pulse
τ to 96.1 fs (equivalent to 9 periods of the mean photon
frequency) according to the previous work [37].
During the time propagation, the electric current J(t)
can be evaluated by
J(t) = −
2∑
b=1
1
2pi
∫ pi/L
−pi/L
dk
×
∫ L
0
dxu∗bk(x, t)
[
−i ∂
∂x
+ k +A(t)
]
ub,k(x, t).
(13)
Furthermore, the HHG spectrum I(ω) can be evaluated
as the Fourier transform of the current as
I(ω) ∼ ω2
∣∣∣∣∣
∫ Tpulse
0
dt sin4
(pi
τ
t
)
J(t)eiωt
∣∣∣∣∣
2
, (14)
where the Fourier transform of the current is evaluated
with the same envelope function as the applied laser
pulse.
Figure 4 shows the computed power spectrum of the
HHG from 1D-QM model with the field strength of F0 =
0.165 V/A˚, showing the clear multiple plateaus. The
multi-plateau feature was investigated with the k-space
semi-classical trajectory model, and it was explained by
the ladder climbing process in the band structure [37].
In this subsection, we explore the multi-plateau feature
based on the real-space semi-classical trajectory with the
scattering effect.
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FIG. 4. HHG spectrum computed by the quantum simu-
lation with the field strength of F0 = 0.165 V/A˚. The cut-
off energy of multiple plateaus are indicated by black arrows
around 13, 28, 44, and 68 eV.
In our model we explore the multi-plateau feature
based on both the k-space and the real-space semi-
classical trajectory with the scattering effect. Figure 5
shows the HHG spectra as functions of the applied field
strength F0. One can see the formation of the multi-
plateau feature with increase of the field strength. To
6assess the semi-classical trajectory model, the computed
cutoff energy with the Kane band model is also shown
as the black-solid line (non-scattered), which is nothing
but the red-solid line shown in Fig. 2. One sees that
the first cutoff of the 1D-QM model is captured by the
semi-classical trajectory model without scattering (black
line).
To study the role of scattering, we evaluate the maxi-
mum recombination energy among all possible scattered
trajectories as the cutoff energy of the scattered trajec-
tory. In Fig. 5, the red line shows the maximum re-
combination energy among the single-scattered trajecto-
ries, and the orange line shows that among the double-
scattered trajectories. By comparing the cutoff energies
of the scattered trajectories with the HHG spectra of the
1D-QM model, one sees that the single-scattering trajec-
tories (red line) provide the second cutoff of the 1D-QM
simulation while the double-scattering trajectories pro-
vide the third cutoff. Therefore, the formation of the
multi-plateau feature in the HHG spectrum can be un-
derstood as the consequence of Umklapp scattering. This
real-space scattering interpretation is a complementary
picture of the previous ladder climbing picture in the k-
space [37].
FIG. 5. Spectra of HHG computed by the 1D-QM simulation
as functions of the field strength, F0. The cutoff energies
computed with the semi-classical trajectory model are also
shown: The black line shows the result without scattering,
the red line shows that of singly-scattered trajectories, and
the orange line shows that of doubly-scattered trajectories.
To study further details of the scattering effect in the
HHG from solids, we elucidate the temporal structure of
HHG. For this purpose, we perform the Gabor transfor-
mation to the current J(t) with the time window function
whose the full width of the half maximum (FWHM) is
1.78 fs. The computed temporal evolution of HHG from
the 1D-QM model is shown in Fig. 6. Here, the field
strength F0 is set to 0.165 V/A˚. Note that, in all the
panels of Fig. 6, the same result of the 1D-QM model is
shown. In addition to the 1D-QM result, the recombi-
nation energy and timing evaluated by the semi-classical
trajectory model of different number of scattering are
depicted in different panels; The panel (a), (b), and (c)
show the results of non-scattered, singly-scattered, and
doubly-scattered trajectories, respectively.
As seen from Fig. 6 (a), the non-scattered trajectories
contribute only to the first plateau of HHG. In contrast,
in Fig. 6 (b), the single-scattered trajectories show the
contribution to the second plateau (around 13 to 28 eV).
Furthermore, from Fig. 6 (c), the double-scattered tra-
jectories contribute to the formation of the third plateau
(around 28 to 44 eV) . Therefore, Umklapp scattering
processes open higher energy channels for the trajectory
dynamics, resulting in the multi-plateau feature as a con-
sequence of the multiple scatterings.
In Fig. 6 (a) to (c), one sees that the real-space tra-
jectory model fairly captures the recombination energy
and timings. This is a distinct feature from the k-space
trajectory model where the recombination timing is ar-
bitrary and can occur any instance of time. This fact
indicates the importance of the real-space trajectory pic-
ture to describe the HHG even with scattering process.
Note that the present real-space trajectory model does
not capture all the features of the 1D-QM simulation. For
example, in Fig.6 (c) semi-classical model fails to repro-
duce the signals on the left side of the classical prediction
in the second plateau or the signal on the right side of the
classical prediction in the third plateau. These additional
features can be understood by the quantum wavepacket
effect. In the present semi-classical model, the excitation
occurs only at the optical gap, and the scattering takes
place only at the band crossing points. However, in the
quantum system, the excitation and scattering can occur
with finite width in the k-space. As a result, the full
quantum systems can involve more trajectories and add
the additional features to the semi-classical model.
C. Loss of trajectories by electron scattering in the
HHG
In the above analysis, we investigated the role of Umk-
lapp scattering in one-dimensional systems. Because only
the forward or backward scatterings are allowed in the
one-dimensional systems, the scattered trajectory can be
recombined with relatively high probability. In contrast,
the contribution from scattered trajectories in two- and
three-dimensional systems is expected to be significantly
suppressed since trajectories can be scattered into a vari-
ety of directions, thus reducing the probability of recom-
bination for returning trajectories. In addition to the
consideration on dimensionality, there are many scatter-
7FIG. 6. Temporal evolution of the HHG computed with
the 1D-QM simulation. The purple dots describe the emit-
ted photon energy and the emission timing, computed by the
semi-classical trajectory model. Each panel shows the con-
tribution from semi-classical trajectories with different num-
ber of scattering: (a) No scattering,(b) single scattering, and
(c) double scattering.
ing processes in solids other than Umklapp scattering.
These scattering processes may also play an important
role in solid-phase HHG.
In order to assess the impact of the suppression of HHG
by various scattering processes in the higher-dimensional
space, we consider a simple mean-free-path model instead
of the trajectory branching mentioned above. In the
mean-free-path model, we compute the trajectory length
ld(t) as
ld(t) =
∫ t
t0
dt′ |v (K(t′))| . (15)
Furthermore, we simply assume that semi-classical tra-
jectories do not contribute to HHG anymore once the
trajectory length reaches a given mean-free-path length,
lMFP . Integrating this destructive contribution of scat-
tering into the semi-classical trajectory model instead of
the trajectory-branching process, we evaluate the maxi-
mum recombination energy among all trajectories before
their trajectory length reaches the mean-free-path length.
Figure 7 shows the computed cutoff energy from the
semi-classical trajectory model for different mean-free-
path length lMFP as functions of the applied laser wave-
length under the fixed field strength F0 = 0.165 V/A˚. As
seen from Fig. 7, the trajectory model without scatter-
ing (black) shows almost linear dependency in the long
wavelength region. This behavior can be understood as
the asymptotic linear dispersion of the Kane band model
in the large Bloch wavevector region, as described in
Eq. (7).
Once the loss of trajectories is introduced via the
mean-free-path approximation, the semi-classical trajec-
tory model shows the saturation of the HHG cutoff en-
ergy in the long wavelength region. This saturation can
be understood by a fact that, even if laser fields with
longer wavelength can induce higher energy trajectories,
such higher-energy trajectories have longer travel dis-
tance and they are lost by the scattering process.
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FIG. 7. Wavelength dependence of the cutoff energy of
HHG, evaluated by the semi-classical trajectory model with
the mean-free-path approximation. The results with several
mean-free-path length lMFP are described. The result with-
out scattering process is also shown as the black line.
One sees that the cutoff energy of the trajectory model
with the scattering effect in Fig. 7 becomes almost con-
stant in the long wavelength region. This behavior is
nothing but the wavelength independence of the HHG
cutoff energy, and it is consistent with one of the fea-
tures of the HHG from solids [22, 24, 25]. Thus, the
loss of trajectories by scattering can be one of the phys-
ical mechanisms of the wavelength independence of the
cutoff energy of HHG from solids. In order to clarify
the details of the trajectory loss effect, the comparison
of the trajectory model with the three-dimensional re-
8alistic simulations such as the ab-initio time-dependent
density functional theory simulation, which also captures
the wavelength independence of the HHG cutoff energy
[25], will be useful. However, such analysis is beyond the
scope of the present work, and will be investigated in the
future.
IV. SUMMARY
We studied the effect of electron scattering in the HHG
from solids based on the semi-classical trajectory descrip-
tion. We first extended the solid-state semi-classical tra-
jectory model [35] by integrating the Umklapp scattering
with the Kane band model [38]. The extended model has
been examined by comparing with the one-dimensional
quantum dynamical simulation used in Ref. [37]. As a
result, the multi-plateau feature of the HHG spectra of
the one-dimensional quantum model has been fairly cap-
tured by the contribution from the multiple Umklapp-
scattered trajectories under the laser field acceleration.
Therefore, we concluded that the multi-plateau feature is
the consequence of the Umklapp scattering. In the pre-
vious work based on the k-space trajectory model [37],
the same multi-plateau feature has been interpreted as
the consequence of the ladder-climbing process in the
electronic band structure. The two interpretations based
on the real-space and k-space trajectories are equivalent
but offers different views into the same phenomenon: the
ladder-climbing process in k-space can be seen as the dy-
namics with Umklapp scattering in real-space.
We further examine the effect of Umklapp scattering
by evaluating the recombination timing of electron-hole
pairs and the emitted photon energy. By comparing
the results of the semi-classical trajectory model with
the temporal structure of the HHG spectra of the one-
dimensional quantum model, we confirm that the semi-
classical trajectory model with Umklapp scattering prop-
erly captures the timing and energy of the HHG from
solids. This fact demonstrates that the semi-classical
real-space trajectories play an important role in the mi-
croscopic mechanism of the HHG from solids because the
recombination timing is not determined in the purely k-
space trajectory model, where the recombination can oc-
cur at any time instance.
Then, we explored other consequence of the electron
scattering, considering that scattered trajectories in a
higher-dimensional space are less likely to recombine. To
take into account this effect, we evaluate the travel dis-
tance of each trajectory and disregard trajectories if their
travel distance reaches a given mean-free-path length.
We evaluated the wavelength dependence of the HHG
cutoff energy by the semi-classical trajectory model with
the mean-free-path approximation. As a result, we found
that the cutoff energy is significantly suppressed under
the longer wavelength laser driving since the longer wave-
length laser field tends to induce longer travel distance
for trajectories. In addition, we found that the cutoff en-
ergy is almost independent of the laser wavelength once
the wavelength becomes long enough. This wavelength
independence is consistent with a feature of the reported
HHG from solids [22, 24, 25].
The above findings indicate that the real-space trajec-
tory combined with scattering processes plays an essen-
tial role in the HHG from solids. Thus, the optical control
of the real-space trajectories under scattering processes
may further open a way to enhance and control the HHG
from solids.
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